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Gaussian conditional independence

Consider random variables (ξi)i∈N ∼ N(µ,Σ). The conditional independence (CI) statement
ξi á ξj ∣ ξK conveys, informally, that if ξK is known, then learning the value of one variable
does not give any information about the other one.

Definition

The polynomial Σ[K ] ∶= det ΣK ,K is a principal minor of Σ and Σ[ij ∣K ] ∶= det ΣiK ,jK is an
almost-principal minor.

If Σ is positive-definite, then Σ[K ] > 0, and ξi á ξj ∣ ξK holds if and only if Σ[ij ∣K ] = 0.
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Almost-principal minors

Σ[ij ∣] = xij

Σ[ij ∣k] = xijxkk − xikxjk

Σ[ij ∣kl] = xijxkkxll − xilxjlxkk + xilxjkxkl + xikxjlxkl − xijx
2
kl − xikxjkxll

Σ[ij ∣klm] = xijxkkxllxmm + ximxjmx
2
kl − ximxjlxklxkm − xilxjmxklxkm + xilxjlx

2
km

− ximxjmxkkxll + ximxjkxkmxll + xikxjmxkmxll − xijx
2
kmxll

+ ximxjlxkkxlm + xilxjmxkkxlm − ximxjkxklxlm − xikxjmxklxlm

− xilxjkxkmxlm − xikxjlxkmxlm + 2xijxklxkmxlm + xikxjkx
2
lm

− xijxkkx
2
lm − xilxjlxkkxmm + xilxjkxklxmm + xikxjlxklxmm

− xijx
2
klxmm − xikxjkxllxmm

⋮
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Models and inference

Definition

A CI constraint is a CI statement ξi á ξj ∣ ξK or its negation ¬(ξi á ξj ∣ ξK). They are
algebraic conditions on the entries of Σ, equivalent to vanishing or non-vanishing of the
almost-principal minors Σ[ij ∣K ].

Definition

The model of a set of CI constraints is the set of all positive-definite matrices which satisfy
the constraints.
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Models and inference

Consider two sets of CI statements L and M:

⋀L ⇒ ⋁M

is not valid
⇐⇒

L∪ ¬M

has a model

Reasoning about relevance statements in normally distributed random variables is
the same as reasoning about the vanishing of very special kinds of determinants
in the positive-definite matrices.
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Petr Šimeček. Gaussian representation of independence models over four random variables.
In COMPSTAT conference, 2006.
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Šimeček’s Question

Does every non-empty Gaussian CI model contain a rational point?

⎛
⎜⎜⎜
⎝

1 −1/17 −49/51 −7/17
−1/17 1 1/3 1/7
−49/51 1/3 1 3/7
−7/17 1/7 3/7 1

⎞
⎟⎟⎟
⎠

7 Tobias Boege // Two universality results for Gaussian CI models



Complexity bounds

Let f1, . . . , fr ∈ Z[t1, . . . , tk] be integer polynomials in finitely many variables. We consider a
system of polynomial constraints “fi & 0” where & ∈ {=, /=,<,≤,≥,>}.

Theorem (Tarski’s transfer principle)

If a polynomial system {fi & 0} has a solution over R, then it has a solution in a finite real
extension of Q.

Theorem (Real Nullstellensatz)

A polynomial F vanishes on the semialgebraic set K = {fi & 0} if and only if F ∈ R
√
I(fi & 0).

The ideal I(fi & 0), its real radical and the membership of F can be computed.

Keyword for this decision problem: “existential theory of the reals”.
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Main results

Theorem

Let d ≥ 1 and Q(d) the field generated by all real algebraic numbers of degree at most d.
For every d there exists a non-empty Gaussian CI model which has no Q(d)-rational point.

Theorem

For every system of polynomials defining a semialgebraic set K = {fi & 0} there exists
a Gaussian CI model which is inhabited over R if and only if K is non-empty. Moreover,
the description of this model is polynomially-sized in the description of K.

9 Tobias Boege // Two universality results for Gaussian CI models



Breakout riddle

?? 1 x??? ?0



Algebra ⊆ Synthetic geometry

Point and line configuration for the equation
x2 − 2 = 0.

The configuration is specified by incidences between
points and lines and also the parallelities of lines.

It is realizable over Q(
√

2) but not over Q.
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Von Staudt constructions

0 x y0 x y0 x y x + y0 x y

Addition

0 1 x y0 1 x y0 1 x y x ⋅ y0 1 x y

Multiplication

Lemma

The evaluation of integer polynomials can be encoded with incidence geometry.

12 Tobias Boege // Two universality results for Gaussian CI models



The cube root of 4

x3
−4 1 x−1−2−3 x2

x3
− 4

0
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Incidence relations as conditional independence

Suppose E = {x , y , z} and ΣE is the identity matrix.

Σ[ij ∣E ] = Σ[E ] (Σij −Σi ,EΣ−1
E ΣE ,j) (∡)

Σ[ij ∣E ] = 0 ⇔ Σij = ⟨Σi ,E ,Σj ,E ⟩
Σ[ij ∣] = 0 ⇔ Σij = 0

} ⇔ Σi ,E ⊥ Σj ,E

p = Σi ,E = [px ∶ py ∶ pz] and ` = Σj ,E = [`x ∶ `y ∶ `z] are
the homogeneous coordinates of a point and a line in
the projective plane with p ∈ `⊥.

−2 −1 1 2 3

−1

1

2

3
` = [−2 ∶ 1 ∶ 0]

p = [1 ∶ 2 ∶ 1]

p ⊥ `

x

y

Lemma

Incidence geometry can be encoded in CI constraints.
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Condensed almost-principal minor

Σ[ij ∣xyz] = xijxxxxyyxzz + xizxjzx
2
xy − xizxjyxxyxxz − xiyxjzxxyxxz + xiyxjyx

2
xz

− xizxjzxxxxyy + xizxjxxxzxyy + xixxjzxxzxyy − xijx
2
xzxyy

+ xizxjyxxxxyz + xiyxjzxxxxyz − xizxjxxxyxyz − xixxjzxxyxyz

− xiyxjxxxzxyz − xixxjyxxzxyz + 2xijxxyxxzxyz + xixxjxx
2
yz

− xijxxxx
2
yz − xiyxjyxxxxzz + xiyxjxxxyxzz + xixxjyxxyxzz

− xijx
2
xyxzz − xixxjxxyyxzz

= xij − ∑
k=x ,y ,z

xikxjk = xij − ⟨pi , `j⟩.
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Polynomial evaluation as conditional independence

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

p1 ⋯ pn l1 ⋯ lm x y z

p1 p∗1 ⟨p,p′⟩ px1 py1 pz1
⋮ ⋱ ⟨p, `⟩ ⋮
pn ⟨p′,p⟩ p∗n pxn pyn pzn
l1 `∗1 ⟨`, `′⟩ `x1 `y1 `z1
⋮ ⟨`,p⟩ ⋱ ⋮
lm ⟨`′, `⟩ `∗m `xm `ym `zm
x px1 pxn `x1 `xm 1 0 0
y py1 ⋯ pyn `y1 ⋯ `ym 0 1 0
z pz1 pzn `z1 `zm 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠
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Integer
polynomials

Incidence
geometry

Conditional
independence

Universality

von Staudt (∡)

Theorem

To every polynomial system {fi & 0} there is a set of CI constraints which has a
model over a field K/Q if and only if the polynomial system has a solution in K.
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QED

Theorem

Let d ≥ 1 and Q(d) the field generated by all real algebraic numbers of degree at most d.
For every d there exists a non-empty Gaussian CI model which has no Q(d)-rational point.

Theorem

For every system of polynomials defining a semialgebraic set K = {fi & 0} there exists
a Gaussian CI model which is inhabited over R if and only if K is non-empty. Moreover,
the description of this model is polynomially-sized in the description of K.

Question: What is the smallest n (≥ 5) for which there is an n-variate Gaussian
CI model without rational point?
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& ∈ {=} suffices

In the real numbers, the solvability of a system of equations is just as hard as equations,
inequations and inequalities if we introduce a new variable y :

● f (x) /= 0 ⇔ ∃y ∶ yf (x) − 1 = 0 (f (x) has a multiplicative inverse)

● f (x) ≥ 0 ⇔ ∃y ∶ f (x) − y2 = 0 (f (x) is a square, i.e. non-negative)

● f (x) > 0 ⇔ ∃y ∶ y2f (x) − 1 = 0 (f (x) has an inverse which is a square)
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