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Gaussian conditional independence

Consider random variables (&;);en ~ N (11, ). The conditional independence (Cl) statement
& L& | €k conveys, informally, that if £k is known, then learning the value of one variable
does not give any information about the other one.

Definition

The polynomial X[K] =det Xk  is a principal minor of ¥ and X[ij|K] = det ¥k jk is an
almost-principal minor.

If X is positive-definite, then X[K] >0, and & 1 & | {k holds if and only if X[jj|K] = 0.
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Almost-principal minors

=[]

= [ijlk

= [ij|kl
¥ [ij|kim

Xij
= XijXkk ~ XikXjk

2
= XijXkk Xl — XitXji Xkk + XitXjk Xkl + Xik Xj1 Xkl = XijXjej = Xik Xjk Xil

—_ e e

= XjjXkk X1 Xmm + XiijmX/%/ = XimXjIXkiXkm — XilXjmXkiXkm + X//Xj/XEm
= XimXimXkk Xl + XimXjkXkmX|l + XikXjmXkmXil — Xin/%mX//
+ XimXjI XkkXim t Xi1XjmXkkXim = XimXjkXkiXim = XikXjmXkIXim
= XiIXjk XkmXim = Xik XjiXkmXim + 2Xij XkI XkmXim + XikakXﬁn
- Xinkaﬁ77 = XiIXjIXkkXmm T XilXjkXkIXmm t Xik XjI1XkIXmm

2
= Xij X1 Xmm — XikXjk X[ Xmm

>
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Models and inference

Definition

A Cl constraint is a Cl statement &; 1L §; | £k or its negation —(&; L& | k). They are
algebraic conditions on the entries of ¥, equivalent to vanishing or non-vanishing of the
almost-principal minors X[ij|K].

Definition
The model of a set of Cl constraints is the set of all positive-definite matrices which satisfy

the constraints.
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Models and inference

Consider two sets of Cl statements £ and M:

/\£=>\/M Lu-M

is not valid has a model

Reasoning about relevance statements in normally distributed random variables is
the same as reasoning about the vanishing of very special kinds of determinants
in the positive-definite matrices.

>
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Model M85 Where: 3
a=————~1107463,

1abc  63283%6

alde ,_;, - 'Y mo7ae

bd1f 158209

cef 1 ar=1:::e==3.f=L
4710
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Simecek’'s Question
Does every non-empty Gaussian Cl model contain a rational point?

Model WMI85 Where:

3 oA
1abec T 1}17 —1{17 —419//351 —Iﬁ?
alde ,_,.__100 -
/ atlde b=10c = T107463 4951 13 1 37
cef 1 qtoe-2/-— -7/17 11 37 1

10

>
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Complexity bounds

Let f1,...,f, € Z[t1,..., tx] be integer polynomials in finitely many variables. We consider a
system of polynomial constraints “f; » 0" where x € {=,#,<,<,>,>}.

Theorem (Tarski's transfer principle)

If a polynomial system {f; » 0} has a solution over R, then it has a solution in a finite real
extension of Q.

Theorem (Real Nullstellensatz)

A polynomial F vanishes on the semialgebraic set K = {f; w0} if and only if F € \/Z(f; x0).
The ideal Z(f; » 0), its real radical and the membership of F can be computed.

Keyword for this decision problem: “existential theory of the reals”.
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Main results

Theorem

Let d >1 and Q(9) the field generated by all real algebraic numbers of degree at most d.
For every d there exists a non-empty Gaussian Cl model which has no Q9 rational point.

Theorem

For every system of polynomials defining a semialgebraic set IC = {f; x 0} there exists
a Gaussian Cl model which is inhabited over R if and only if KC is non-empty. Moreover,
the description of this model is polynomially-sized in the description of K.
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Breakout riddle




Algebra c Synthetic geometry

Point and line configuration for the equation
x?*-2=0.

The configuration is specified by incidences between
points and lines and also the parallelities of lines.

It is realizable over Q(v/2) but not over Q. W\
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Von Staudt constructions

N

! ! AN
0 Xy xX+y 0 1 x vy NX -y
[] ! ~ ] AN ~
Addition Multiplication
Lemma
The evaluation of integer polynomials can be encoded with incidence geometry. D
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The cube root of 4

N
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T

Incidence relations as conditional independence

Suppose E = {x,y,z} and X is the identity matrix.
S[HE] =S [E1(Sj-Tier ' Tey) ()

Y[jlE]=0 < Xj=(XE XE)

< 2;plY;
X[§]=0 e ¥;=0 } e

(=[-2:1:0]
p=[1:2:1]

pLl

p=Yie=[pcipyipand =%, p=[lc:l,:(;] are 2
the homogeneous coordinates of a point and a line in
the projective plane with p € /%,

Lemma

Incidence geometry can be encoded in Cl constraints.
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Condensed almost-principal minor

Z[leyz] = Xjj X Xyy Xzz + Xiszzé = XizXjy Xxy Xxz — XiyXjzXxy Xxz + XinijEZ
~ XizXjz XoxoxXyy + Xiz Xjx Xxz Xyy + XixXjz Xoz Xyy —~ ijxizxyy
F Xiz Xjy XooxXyz + Xiy Xjz XooxXyz = Xiz XjxXxy Xyz = XixXjz Xxy Xyz
= Xiy XjxXxzXyz = XixXjy XxzXyz + 2Xin><yXXZXyZ + XiXXjXL)i
- XUXXXL}%; = Xijy Xjy Xoox Xzz + Xinjxxﬁxzz + XiijyXﬁXzz

2
- XinxyXZZ = XixXjx Xyy Xzz
=xj= 2 Xk = X {(pilj).
k:Xay’Z

ity results for Gaussian Cl models



Polynomial evaluation as conditional independence

P1 Pn I Im X y z
b1 Py {p,p’) pY Pl PP
e | (P',P) Py Py Pn P
h 4 .oy | & 6 &

(¢, p)
I (e, 0) o e
x Py Py & Cr 1 0 0
y py Py A 0 1 0
z P P; 1 8 0 0 1
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von Staudt (<)

RN

Integer ) [ Incidence ] [ Conditional ]

polynomials geometry independence
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Universality |<----o______-----

\. J

Theorem

To every polynomial system {f; w 0} there is a set of Cl constraints which has a
model over a field K/Q if and only if the polynomial system has a solution in K. D
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QED

Theorem

Let d >1 and Q(9) the field generated by all real algebraic numbers of degree at most d.
For every d there exists a non-empty Gaussian Cl model which has no Q9 -rational point.

Theorem

For every system of polynomials defining a semialgebraic set K = {f; x 0} there exists
a Gaussian Cl model which is inhabited over R if and only if IC is non-empty. Moreover,
the description of this model is polynomially-sized in the description of K.

Question: What is the smallest n (> 5) for which there is an n-variate Gaussian

Cl model without rational point? D
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T

w € {=} suffices

In the real numbers, the solvability of a system of equations is just as hard as equations,
inequations and inequalities if we introduce a new variable y:

°* f(x)#0 < Ty:yf(x)-1=0 (f(x) has a multiplicative inverse)
°* f(x)20 < y:f(x)-y?>=0 (f(x) is a square, i.e. non-negative)
°* f(x)>0 < y:y?f(x)-1=0 (f(x) has an inverse which is a square)

>
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