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Gaussian conditional independence

Let the random vector be normally distributed with covariance matrix 2 € PDy,.

Definition
The polynomial X[K] = det ¥k g is a principal minor of ¥ and X[ij| K] := det Xk jx is
an almost-principal minor.

» ¥ is PD if and only if X[K] >0 for all Kc N.
» &1 & | €k holds if and only if X[jj| K] =0.



Special polynomials

211 = x;
2 [ij] K]

S[if| kI = XipXakXan — XipiXk + XiXjkXkl + XiXjiXkl = XiXeg — XXX

= XjjXkk — XikXjk

Z[U \ k/m] = XijXkkX11Xmm + XiijmX;Zd = XimXjIXkiXkm — XilXjmXkiXkm + XiIXjIX%(m
= XimXimXkkXil T XimXjkXkmX|l + XikXjmXkmXll — XUX2 X
+ XimXjIXkkXim t XilXimXkkXim = XimXjkXkiXIm — XikXjmXkIXim
= XitXjkXkmXim = XikXjiXkmXim + 2XijXk/XkmXIm + XikakX%m
- Xinka/2m = XilXjIXkkXmm + XiiXjk Xk Xmm + XikXji Xk Xmm

- Xij)gk/xmm = XikXikXlIXmm
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The model of a set of Cl constraints is the set of all PD matrices which satisfy them.
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Figure: Model of X[12]3] = 0 in the space of 3 x 3 correlation matrices.
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Models and inference

Consider two sets of Cl statements P and Q:

AP =\VQ Pu-Q

is not valid has a model

Reasoning about relevance statements in normally distributed random variables is
the same as reasoning about the vanishing of very special kinds of determinants
on very special kinds of varieties inside the positive-definite matrices.



For geometers: conditional independence ~ collinearity




Examples of Cl inference

Consider a general positive-definite 3 x 3 correlation matrix

1 b
2 =|a cl.
b 1

» If X[12|3] = a— bc and ¥[13]|] = b vanish, then £[12|] =a and £[13]2] =b-ac
must vanish as well:

0 = o

[12[3]A[13|] = [12]]A[13]2].



Examples of Cl inference

0 = o
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» If X[12|] = aand X[12|3] = a— bc vanish,
then bc=X[13]]-X[23]] must vanish:

[12]]1A[12]3] = [13]]v[23]].




Rational points on Cl models

Simecek’s Question (2006)
Does every non-empty Gaussian Cl model contain a rational point?

Or: can every wrong inference rule be refuted over Q7
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Complexity bounds from real geometry

Let fie Z[t1,..., tk] be integer polynomials in finitely many variables.

Theorem (Tarski's transfer principle)

If a polynomial system {f;x;0}, where w; € {=,#,<,<,> >}, has a solution over R,
then it has a solution in a finite real extension of Q.

= If AP =V Q is false, there exists a counterexample matrix ¥ with algebraic entries.

[12]]A[12]3] = [13]] is false and a counterexample is

1 0 1
0 1 0
1 0 1



Complexity bounds from real geometry

Let f;, gj, hx € Z[t1, ..., tx] be integer polynomials in finitely many variables.

Theorem (Positivstellensatz)

A polynomial system {f;=0,g;>0, hi # 0} is infeasible if and only if there exist
feideal(f;), g€ cone(g;) and h e monoid(hy) such that g+ h* = f.

- If AP =V Q is true, there exists an algebraic proof for it with integer coefficients.
[12|]A[12]3] = [13]|] v [23]] is true and a proof is the polynomial identity
Y[13|]-Z[23]]=X2[3]-X[12|] - £[12]3].

The associated decision problem is the existential theory of the reals.



A 5 x5 final polynomial

The following inference rule is valid for all positive-definite 5 x 5 matrices:

[12]]A[14|5]A[23|5]A[35|1]A[45]2] A[15]23]A[34] 12] A[24|135] = [25]]v[34]].



A 5 x5 final polynomial

The following inference rule is valid for all positive-definite 5 x 5 matrices:

[12]]A[14|5]A[23|5]A[35|1]A[45]2] A[15]23]A[34] 12] A[24|135] = [25]]v[34]].

[25[1[34]]- [1][2][3][15] =

(cd2 egr+ bdP fgr— ad’grh — 2cd?€®i — 2bdP efi — 2pdfgri + 2ad?ehi + 2pdef? — 2pdghi? + 2pcqi® +
2pdqrij - 2pbqij - pcegrt + pbfgrt + pagrht + 2pce?it — 2pcqrit + 2pbghit - 2paehit) [12]7+
(pdqer+ pbagr - 2pbqei) -[14|5] - (pcdqr+ pAfgr— 2pbegi+ 2pb2qj - 2p2qrj) -[23|5] +
(cdqgrf 2cdqei + 2pqghi — 2pgf? — pagrj + 2pqeij — 2peft + 2qurt) -[35|1] +
(pd2er7 2pbdei+ pgri + 2pbPet - 2p2ert) -[45]|2] - (2pdfif 2pbft) -[15]23] -
(Per-2d?ei- pgrt + 2peit) - [34]12] - 2pqi- [24|135].



Universality theorems

Theorem (B. 2021)

For every finite real extension K/Q there exists a Gaussian Cl model My such that:
for every IL/Q, Mx has an LL-rational point if and only if K c L.

— The answer to Simedek’s question is NO.

Theorem (B. 2021)

The problem of deciding whether a Cl inference formula is valid for all Gaussian
distributions is polynomial-time equivalent to the existential theory of the reals.



Approximations to the
inference problem



Approximations to the inference problem

Theorem (Matus 2005)

The following relations hold for every symmetric matrix X:

¥ [jj| L]* = £[iL] - £[jL] - Z[L] - £[ijL]
Y[kL]-2[i]L] = X[L]- Z[ij] kL] + X[ik| L] - E[jk[ L]



Approximations to the inference problem

Theorem (Matus 2005)

The following relations hold for every symmetric matrix X:

S[kL]-$[ij| L] = £[L]- S[ij| kL] + E[ik| L] - £[jk| L] — gaussoids

These relations define essential geometric properties of symmetric matrices in principal
and almost-principal minor coordinates. Study their combinatorics!



The Gaussian CI configuration space

T[] £[ij| L] = £[L] - S[ij| kL] + Z[ik| L]- Z[jk] L]

The Gaussian Cl configuration space 4 < R?" x R(g)zH consists of all vectors of
principal and almost-principal minors of ¥ € PD,,.



The Gaussian CI configuration space

T[] £[ij| L] = £[L] - S[ij| kL] + Z[ik| L]- Z[jk] L]
The Gaussian Cl configuration space 4 < R?" x R(g)znfz consists of all vectors of
principal and almost-principal minors of ¥ € PD,,.

Very wasteful encoding of a matrix, but this creates simple and useful relations on
configuration vectors. The Cl structure of X is encoded in its zero pattern.
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Combinatorial compatibility

Y[kL]-2[i] L] = X[L]- Z[ij] kL] + X[ik| L] - E[jk| L]

Combinatorial compatibility means fulfilling polynomial relations under uncertainty:
What if we only knew that all £[K] # 0 and whether or not X[jj| K] =07

(G| L] A~ TilkL) = [ik|L] v [jk|L]
[ik| L] ~Tij[ kL] = [§|L] A [ik|jL]
(G| kL] A Tik[jL] = [§| L] A Tik|L]
[GIL] Alik[L] = [i§j| kL] A [ik|jL]

This yields the definition of gaussoids.



Cl inference via SAT solvers

Since gaussoids have a finite axiomatization, a SAT solver like CaDiCaL can deduce
implications under the gaussoid axioms:

[12]3] A [12]34] A [24]1] A [34]2]
= [12|]A[12]4] A[24]] A [24]3] A [24|13] A [34]]

These conclusions are valid for all regular Gaussian distributions.



Oriented gaussoids
Y[kL]- X[ L] = X [L] - X[ij| kL] + X[ik| L] - X[jk[ L]

What if we only knew that all sgn X[ K] = +1 and the value of sgn X[ij| K]?
[ij| L] >0 A [ij| kL] <0 = ([ik|L]>0n[jk|L]>0)v ([ik|L]<O0n[jk|L]<0)

— Oriented and orientable gaussoids.



Oriented gaussoids
Y[kL]- X[ L] = X [L] - X[ij| kL] + X[ik| L] - X[jk[ L]

What if we only knew that all sgn X[ K] = +1 and the value of sgn X[ij| K]?
[ij| L] >0 A [ij| kL] <0 = ([ik|L]>0n[jk|L]>0)v ([ik|L]<O0n[jk|L]<0)

— Oriented and orientable gaussoids.

[i| L] A[KI|L] A [ik|jIL] A [l kL] = [ik|L]
[if| L] A [KIVL] A (KLY A TijlKIL) = [k L]
[1L] A Ui KLY A [KILL] A [ikiL] = (ik] L]
[if| kL] A [ik[IL] A il | L] (il L]
[if| kL] A [ik[IL) A [iIIL] A [k L] = [ij| L]



Cl inference via SAT solvers |l

Using the gaussoid axioms, we find:

[12]]A[13]4] A [14]5] A [15]23] A [23|5] A [24]135] A [34|12] A [35]1] A [45]2]

= nothing.

The structure on the left is a gaussoid.



Cl inference via SAT solvers |l

Running the SAT solver CaDiCaL on the definition of oriented gaussoids confirms that
their supports satisfy

[12]] A [13]4] A [14]5] A [15]23] A [23]5] A [24|135] A [34]12] A [35]1] A [45| 2]
= everything except [25]| K] for all K.

The geometric model is a Gaussian graphical model!



The search for inference rules (since at least 2008!)

Inference rules help characterize the realizable Cl structures:
> 3-variate: 11 out of 64 by Matds 2005.
> 4-variate: 629 out of 16777216 by Lnénicka and Matas 2007.

> H-variate: open! (out of 1208925819614 629174706 176)

» 254826 gaussoids modulo symmetry

> 87834 of which are orientable gaussoids

> 84908 of which are selfadhesive orientable gaussoids.

» 84434 of which are selfadhesive (orientable gaussoids N semimatroids).



The search for inference rules (since at least 2008!)

Inference rules help characterize the realizable Cl structures:
> 3-variate: 11 out of 64 by Matds 2005.
> 4-variate: 629 out of 16777216 by Lnénicka and Matas 2007.

> H-variate: open! (out of 1208925819614 629174706 176)

» 254826 gaussoids modulo symmetry

> 87834 of which are orientable gaussoids

> 84908 of which are selfadhesive orientable gaussoids.

» 84434 of which are selfadhesive (orientable gaussoids N semimatroids).

Help wanted:
» Use information inequalities and linear programming.
> Tropical approximations and valuated gaussoids.

» Compute algebraic realization spaces.

v

Find and certify real solutions to polynomial systems.
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Proof sketch (1): Algebra ¢ Synthetic geometry

Point and line configuration for the equation

X -2=0.
The configuration is specified by incidences

between points and lines and also the parallelities
of lines.

It is realizable over Q(v/2) but not over Q. W\

Keyword for the general technique: von Staudt constructions (1857).




Proof sketch (2): Synthetic geometry ¢ Gaussian Cl

Y[ij| ] = xjj > impose Xk = Xkm = Xim = 0 on a correlation matrix, then:
Y[ij| kIm] = X< xmm + X/ijm@ = XimXjIXkiXkm = XilXjmXkiXkm + Xi/Xj/@
= XimXim XL X1+ Xim XX em X1+ XikeXjm X hem X — XU@XU
+ XimXjIXkkXim + XilXjmXkkXim = XimXjkXkIXim — XikXjmXkIXim

— XilXjkXkmXim — XikXjiXkmXlIm + 2XiiXwXkmXIm + Xikaki

- XUkaX/2m = XitXj1XkkXmm + XilXjkXkIXmm + XikXjIXkIXmm

- Xij)gk/xmm = XikXjkX11Xmm

Xik Xk
= Xjj — Z XitXjt = X,'j—<(;il),(x_j/)>.

X;
t=k,l,m m Jm



Incidence relation in a Cl model
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